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Abstract

We show how to construct a HOMFLY-PT type oriented link invariant
for links inside a solid torus, following V.F.R. Jones’s original approach,
i.e via normalizing an Ocneanu-type linear trace function from the Hecke
algebras of B-type to the complex numbers. Before defining the invariant
we set up the appropriate topological theory, then we find the braid groups
related to the solid torus and observe that these can be represented by the
Hecke algebras of B-type. Finally we compare our invariant with a skein
invariant for certain dichromatic links found by J. Hoste and M. Kidwell.

1 Introduction

The study of braids dates back to the turn of our century.[16]’[3} In 1926 it was
established by E. Artin4 that the set of all braids on n strings forms a group,
the well-known braid group B,,, with presentation:

Bn = <O’1, ey Op—1 ‘ 0,05 = 0504 for |Z —j| > 1, 0;,0i410; = Ui+10iai+1>~

As geometric objects, braids are related to oriented links via the ‘closure” oper-
ation (i.e. the joining of the corresponding end-points of a braid). Conversely,
J.W. Alexander showed!!] in 1923 that there exists an algorithm for turning any
oriented link into a braid with isotopic closure'. We study links up to isotopy,
which on the diagram-level can be seen as classes of oriented link diagrams, any
two elements of which differ by a finite sequence of the so-called Reidemeister
moves.2:(25]

In 1935 A.A. Markov gave the braid analogue of Reidemeister’s theorem, by
showing that isotopy classes of oriented links are in 1-1 correspondence with
certain equivalence classes in the set of all braids.[221128] (A complete proof of
Markov’s theorem as well as a thorough study on braids can be found in J.S.
Birman’s book.[6]) On the group level, the braid equivalence in | J;> ; B, can be
formulated as follows:

111, Brunn 8 in 1897 proved that any knot has a projection with a single multiple point;
from which it follows immediately that we can braid any link diagram.
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(i) Conjugation: If «,3 € B,, then a~ 3 1af
(ii) Markov moves: If « € B,, then a ~ aof' € B,11 and a ~ ao, € B,1.

Hence, one can study links up to isotopy by studying braids up to Markov
equivalence. This fact was first used for constructing link invariants by V.F.R.
Jones! 71181 i 1984, The way V. Jones reconstructed after Ocneanu the 2-
variable generalization of his polynomial? (or HOMFLY-PT polynomial)[12]>[24]’[21]

is based on the following ideas: 1Y)

We consider the Hecke algebra of A,-type, H,(q),q € C, which has the presen-
tation

(g1, s Gn-1| 995 = 99 for [i—j| > 1, gigi419: = gi+19:9i+1, 9i° = (q—1)gi+q).

We then observe that there is a natural epimorphism of the group algebra CB,,
onto H,(q): o; — ¢;- There exists now a linear trace function (Ocneanu’s trace)
tr: U,—, Hn(q) — C, which is unique up to the following rules:

1) tr(ab) =tr(ba) for a,b € H,(q)
2) tr(1) =1 for every H,(q)
3) tr(ag,) = ztr(a) for a € H,(q) , gn € Hny1(g) and z € C.

Using the epimorphism of CB,, onto H,(¢) and Ocneanu’s trace we can assign
to every braid a complex (Laurent) polynomial. We finally observe that rules
1) and 3) of the trace function resemble (i) and (%) of the braid equivalence in
S3. Then, according to Markov’s theorem, in order to obtain a link invariant
this trace has to be normalized properly, so that the braids o , ao,, and ao, =t
would be assigned the same label, namely a 2-variable (with variables ¢ and z)
Laurent-polynomial.

All the above take place in S3. In [19] V. Jones asks whether other Hecke
algebras, corresponding to general Artin groups, can be used in the same manner
as the ones of A-type. Here we show that the braid groups related to the solid
torus can be represented by the Hecke algebras of B-type; then, by extending the
above topological set-up and by using analogous algebraic machinery and ideas,
we obtain a HOMFLY-PT type isotopy invariant for links inside a solid torus.
The paper is not self-contained, in the sense that it makes use of theorems, the
proofs of which we only sketch. The full proofs of these theorems appear in [20].

2 In search of a Markov’s theorem

It is known that a solid torus M may be seen as the complement in S 3 of another
solid torus I, say; i.e. M = S3\I. So links in M may be seen as mized links in

2V. Jones used initially quotients of the Hecke algebras — namely Temperley-Lieb algebras
— to construct the original 1-variable Jones polynomial.
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Figure 1:

S3 containing the complementary solid torus. We avoid possible ambiguities by
fixing a projection of I pointwise and also an orientation. Therefore, any link L
in M is represented by a mixed link / UL in S3, consisting of a standard link
in $3 linking with the fized complementary solid torus part I (for an example
see picture 1 below). A mized link diagram is a projection I|JL of I|J L on the
plane of the projection of I.

Next, we want to see how isotopy between links in M is reflected in S® : the
description of M gives rise to the two additional local moves between mixed link
diagrams shown in picture 2, where I also participates. Hence, Reidemeister’s
theorem is modified as follows:

‘Two links in M are isotopic if and only if any two corresponding mized link
diagrams in S® differ by planar isotopy and a finite sequence of the above moves
together with the three Reidemeister moves for the standard part of the mized

link.’

2.1 Braiding

A mixed link is lying in S®, so one could think of applying to it (any proof
of)[Q?’] (291.1271,1261.120] Alexander’s theorem in order to obtain a braid. The
problem one would run into, then, is that, when braiding a mixed link diagram
I UL we may end up with more than one braid strings for the solid torus
component I and so, after closing, I does not necessarily remain fixed. So, we
need a braiding that guarantees that the braid we obtain from a mixed link is
a mized braid. A mixed braid is defined as a braid in S3, I'|J B, with closure
a mixed link and, in particular, the closure of the first string, I, is the fixed
component I (see picture 3 below for an example). We number the strings of a
mixed braid by numbering only the standard part of it. Indeed:

Theorem 1 (Alexander’s theorem for mixed links). Any oriented mized
link is isotopic to the closure of some mized braid.

Proof. Isotope the mixed link to one as in picture 4, by combing and sliding
around the standard part of the link. Then apply to the right-hand side of the
line [ in picture 4 any braiding process that does not affect the fixed downward
oriented part of the component I (most braiding processes have this property).
Finally eliminate the upward oriented part of I at the left-hand side of I, by
cutting it at some point and by pulling the two ends, so as to obtain a mixed
braid.

The above braiding is good for providing a proof of Theorem 1, but it is not
algorithmic enough to provide an easy proof of a Markov’s theorem for mixed
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Figure 2:

Figure 3:

braids. For this reason we shall describe a more sophisticated braiding process;
this is a modification of a braiding algorithm for oriented links in S3, the idea
of which is the following (for a detailed exposition see [20]):

We start with an oriented link diagram and we mark with points the local
maxima and minima. This set of points separates naturally the diagram into
horizontal or downward arcs on one hand, and into ‘opposite’ arcs (i.e. arcs
that go upwards) on the other hand. We want to eliminate the opposite arcs,
as they go the ‘wrong’ way for a braid. We cut every opposite arc into smaller
pieces that we call little opposite arcs, so that each little opposite arc contains
crossings of only one type — if any — and also, any pair of little opposite arcs
satisfies a certain overlapping condition. Finally, we eliminate a little opposite
arc by cutting it at some point and by pulling and stretching its two ends both
over or under the rest of the original diagram, according to whether the arc
lies over or under other arcs of the diagram. Notice that the downward arcs of
the original diagram remain unaltered throughout the braiding. In the example
below we have two opposite arcs but three little opposite arcs.

Take now a mixed link diagram I U L. If we apply to it the above braiding
algorithm, we will probably end up with more than one braid strings for the solid
torus component I, as there might be parts of L interfering with the upwards
oriented part of I. We overcome the problem by modifying the above algorithm
as follows:

Step 1 We draw the vertical line [ that passes through the maximum and
minimum of [ (see picture 6). By general position it does not pass through any
crossings of L.

Step 2 We apply our algorithm to the part of the mixed link that lies to the left
of [, considering the points of L that intersect [ as end-points of little opposite
arcs. This will leave I unaltered, since this part of it goes already downwards.
Then we close this braided part of L by applying closure on its left-hand side,
and we enclose the ‘closure’ strings of L in a tube T (see picture 7 above).

Figure 4:
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Figure 5:

Step 3 Now we apply our algorithm on the right-hand side of I considering the
orientation to be reversed. This will leave I unchanged. Then we also close this
braided part of L by applying closure on its right-hand side, and we enclose the
new ‘closure’ strings of L in a tube T3 (see picture 7).

Step 4 By rotating around the back of the diagram, we bring T} to the very
right of the diagram and then 75 to the very left of the diagram, so that the
resulting diagram goes around a central point P on [ (see picture 8).

Step 5 If we are left with local mazima/minima in the lower/upper part of the
diagram, these will have to be lying on [, as it follows from the braiding process
(see picture 8 above). To complete the modified algorithm we eliminate these
as follows:

We number with integers the mazima/minima according to their position with
respect to P (which we label with 0), and we isolate them in neighbourhoods
that contain no other parts of the diagram. Then we stretch the arcs one by
one in order (starting from the ones with least absolute value) over/under the
rest of the diagram and above/below P, so that the mazima/minima lie on [ in
inverse order of closeness to P (see picture 9).

Step 6 We open the braided diagram by cutting through a half-line starting
from P, after possibly isotoping part of I so that it appears in the first position
of the braid. Finally we isotope in D? x I. O

Remark 1. If there is no part of L interfering with the upwards oriented part
of I, we only need to apply Steps 2, 4 and 6.

2.2 Markov’s theorem for mixed braids

Using the braiding described above for links in S3, we can give an elementary
proof of the classical Markov’s theorem[zo], in which the downward arcs of the
original diagram do not participate.> So we have the following even stronger
result:

Theorem 2 (Relative version of Markov’s theorem). Two links contain-
ing the same braided part are isotopic if and only if any two corresponding
braids, both containing the same braided part, differ by conjugation and Markov
moves that do not affect the already braided part.

Corollary 1. In particular, all mized links related to a solid torus contain the
same braided part I and, by the modified braiding algorithm described above, all
corresponding braids contain the same braided part I. Therefore, the (geometric)
analogue of Markov’s theorem for links inside a solid torus is a special case of
Theorem 2.

30ther proofs of the classical Markov’s theorem can be found in [5], [23], [26].
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Figure 6:

Next, we want to investigate the existence of algebraic structures in the
sets of mixed braids, in order to formulate Markov’s theorem algebraically (i.e.
looking at mixed braids as algebraic rather than geometrical objects). Indeed,
we observe that the set of all mixed braids on n standard strings, B; 5, forms a
group with concatenation as operation and generators the usual braid generators
01,...,0,_1 for the standard strings and the mixed generator T pictured below:

As a group, Bj,, is the semidirect product of the usual braid group B, and
the free pure braid normal subgroup, P ., generated by 7,71, ...,T,_1, where
T, =0;...01T017...0;7" is shown in picture 11. (Note that Py ,, is not the
corresponding to By , pure braid group, since it does not contain elements with
pure braiding among the n standard strings.) Therefore we can put together a

presentation for B , and obtain the following:*

0;0i4+10; = 044100441 for all ¢ braid
oi0j = 050; for|i —j| >1 } relations
< E‘FI’T','”””; (1) o ' T_qo; =Tr_q if A>i+1 or A<i

b A=l (2) Ui_lTi_lUi = i_lTiTi_l_l 5 1= 1, e, — 1
(3) UiilTiO} =T,y for i=1,...,n—1

Doing Tietze transformations we eliminate the 7;’s and we obtain:

0i0;4+10; = 0j410i041 for all 4
oio; =050; for|i—j|>1
To;, =0;T fori>1

Bl,n = < T70-170'2a sy O0n—1
Toi1Toy = o1To T

From the above and the geometric analogue of Markov’s theorem (Corollary 1),
we have the following:

Theorem 3 (Markov’s theorem for solid torus links). Let M = S3\T be
a solid torus with T also a solid torus; let L1, Lo be two oriented links in M and
I\JBy, IUB; be mized braids in \J,-_, B1,n corresponding to Ly, Lo. then Ly
is isotopic to Lo in M if and only if IJ By is equivalent to I\J Bs in\Jy—; Bin,
under equivalence generated by the augmented braid relations together with the
following two moves:

(i) Conjugation: If o, € By, then a~ 3 taf
(ii) Markov moves: If a € By, then a~ ac,™ € By ,41.

4This presentation appears also in [14] and in [9], where Bj ,, is seen as the subgroup of
the usual braid group By, 41, the elements of which fix the first string, and it is used to aid in
finding a presentation for the usual pure braid group.
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Figure 7:

Note 1. There is a natural inclusion of By ,, into By ,+1 adequately described
by picture 12, and therefore, the direct limit | J7~; By, is well-defined.

3 B;, and the Hecke algebras of B-type

3.1 Algebraic definitions et cetera
A group G with a presentation

<w1, veey Wy | (wiwj)m” = 1, my; = 1 for i = 1, SN ,n>
is called a Cozeter group. All finite Coxeter groups have been classified. For
example, the Coxeter group of A,-type is the symmetric group S, and it has

the following presentation:
Sp = (81,801 | 82 =1, (sisj)2 =1for|i—j|>1, (sisip1) = 1),

where s; corresponds to the transposition (i,7 + 1).
If G is a Coxeter group with a presentation as above, then the corresponding
Artin group B is given by

(T1s. oy Tn | TiTjTi ... = Tj747j . .., where the number of factors in either side ism;j).
For example, the usual braid group, B, is the Artin group of S,,.

Every Coxeter group is related to a Hecke algebra H (usually considered over
the field C), a presentation of which is obtained from the presentation of the
corresponding Artin group given above, by adding the quadratic relation 7,2 =
(¢ — 1) 74+ ¢ - 1, where ¢; # 0 € C is seen as a fixed variable.

Note If g; = 1 for all i or not a root of unity and we choose as field C, then
the Hecke algebra is semisimple and isomorphic to the group algebra CG, where
G is any Coxeter group (J. Tits, [7]). (For the dimension, existence and basic
properties of arbitrary Hecke algebras corresponding to finite Coxeter groups

see [10].)

3.2 The Coxeter group of B,-type

We shall start by giving an intuitive ‘pairs of shoes’-description of W,,, the Cox-
eter group of B,-type, given by G.D. James:
We think of n numbered shelves and n numbered and ordered pairs of shoes;
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we put one pair on each shelf, not necessarily in the right order pairwise, and
not necessarily on the right shelves. (The description can be made rigorous if
we consider an ordered n-tuple of ordered pairs of objects.) We want to place
the pairs of shoes correctly, but we are only allowed to swap over the shoes
of the pair that is placed on the first shelf, and also to swap pairs that lie on
2

. 4

consecutive shelves. If, for example, we want to arrange the word 3

)

= i N

1
where we use the notation i for the pair of shoes with number ¢, and 7 is the
left shoe, then one possible procedure is the following:

o N R
= ol D]
=W N
— Ol DO |
W N
Wl = D |
W N |
W N~ |

W N R =W N R W RN
Wl D = = ol DOl | = = Wl D)

W N =
Wl | Do
=W N =
=] ol DN =

We can see that we have been making use of the symmetric group .S,, to swap
pairs on consecutive shelves, and of a cyclic group with two elements, Cs, for
swapping shoes on the first shelf.

If now v; means ‘swap the shoes on the ith shelf’, then, for vy =t we have:

Vg = S1181, U3 = S$25118189 = SoU282, *+*, Up = Sp—1..-81S1...85—1 -

The elements vy, . .. , v, generate the group 2" = Cy X ...xCy (n copies), which
is a normal subgroup of W,,. As a set, W, is the cartesian product 2" x .S, and
therefore, |[W,,| = 2" - n!. As a group, W, is the semidirect product of 2™ and
Sy. So we have the following presentation:

81‘2 = 1, 8iSi4+1Si = Si+1SiSi+1 for all 4

s;8; = s;8; for [t —j| >1

W, = < S1y-+,8n_1, S; € Sy vf_lz 1, viv; = vjv; forvall 1,] >
Viy.nto,Up, Vj €27 857 TViS; = 8UiSj = U™ = Vg, (4 ’

where s;() is the image of ¢ under

the transposition s; = (j,j + 1)
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Figure 8:

which, after Tietze transformations, yields the following reduced presentation:

(tsl)4 =1 or ts;ts; = sitsit

(ts,»)2 =1 or ts;=s;t for i >1
Wn:<t,31,32,...,sn1 t?=52=1 for i=1,...,n—1 >

(sisi+1)3 =1 or $;8,118 = 8;118;8;41 for all i

(sis;)> =1 or s;s; =s;s; for |i—j|>1

The above presentation can be coded in the following Dynkin diagram:
where the single bonds of strength mean relations of degree 3 and the double

bond a relation of degree 4. Also, if two generators are not connected by a bond,
the relation between them is of degree 2, i.e. they commute.

Theorem 4. B, is the Artin group of W,

Proof. According to the definition of an Artin group, it follows by comparing
the presentation of B; , with the presentation of W, given above. O

As a consequence, the following is a presentation for the Hecke algebra of
B.-type, Hn(q,Q), q¢,Q € C, which corresponds to W,,:

tgitgr = gitgit

tg; = git for i >1

2 =(Q-t+Q

g2=(q—1)g;+q for i=1,...,n—1 >
9i9i+19; = gi+19igi+1 for all 4

9ig5 = g;igi for [i—j|>1

Hn(QaQ) = < tagla"'agnfl

Remark 2. The Dynkin diagram of W, indicates that there is a natural in-
clusion of W, into W41 (by adding an extra node at the end), and this
extends to a natural inclusion of H,(¢,Q) into Hp4+1(¢, Q). Thus the di-
rect limit (J°2, Hy,(g, Q) is well-defined, and therefore we may observe that
there is a natural epimorphism, 7 : |J;—, CB1, — Ur—; Hn(g,Q), such that
w(T) =1, n(o;) = ¢;-

4 A trace function

The above now suggest that we look for a trace function from (J;~, Hn(g, Q) to
C analogous to Ocneanu’s trace, so as to attach to each braid in B, , a complex
polynomial. Indeed, we have the following theorem, which is joint work of the
author with M. Geck.
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Theorem 5. Given z and s in C, there exists a unique linear function

tr: H:= U Hn(q, Q) — C
n=1

such that the following hold:

1) tr(ab) =tr(ba) , a,be™
2) tr(1)=1 for all Hu(q,Q)
3) tr(ag,) =ztr(a) , a€ Hn(q,Q)
4) tr(aty) = str(a) , a€ Hp(q, Q)

where tn = Gn ... g1tg1 " ... gn "

10

Proof. (Sketch of the proof) The proof[QO] rests squarely on the proof of Oc-
neanu’s trace function as given in [19]. The proof of existence relies on inductive

arguments using the following information on the structure of H,,(q, Q):[H]

The group W, is a subgroup of W,, ;1 of index 2(n+ 1). In [11], R. Dipper and
G.D. James show that a complete set of right coset representatives of W, in

W41 is given by

Jnt1 = {1, sn...si|i:1,...7n}U{sn...slsosl...si|i:0,1,...,n for

Le. every element w € W, 11 can be written uniquely in the form

weW, or w=u-x , where u€ W, and x € J,y1 .

Equivalently, every element w € W, 11 has one of the following forms:

(@) weWw,
b)) w=uspv, u,veW,
(¢) w=usy...81t81...8,, uweW,

We also have analogous statements in the Hecke algebra H,,+1(q, Q).

S():t}

Le.

every element in H,,4+1(g, @) can be written as a linear combination of elements

w, each of precisely one of the following forms®:

(a) weH(q,Q)
(b)) w=wugyv, u,veH,(qQ)
(¢) w=ut],, uwe€H(q,Q), t,=0gn...01t01...9n .

This canonical basis is equivalent to the following:

(a) weHn(g,Q)
(b) w=ugyv, u,ve€H,(qQ)
() w=uty, weH Q) th=0gn--.1tar™ " ... g™ " .

5 An algorithm for writing an arbitrary element as a linear combination of elements in the

canonical basis is described in [13].
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Conclusion There is a canonical basis for H,11(q, @), such that the higher
index elements g,, and t,, appear at most once in any word.

We shall also need the map ¢, : Hy, @ Hy, ® Hp, ®n,, , Hp — Hp41 defined
by

en(a®b®c®d) = a+bt, + cgnd. ¢, is an isomorphism of (H,,, H,,)-bimodules.

We can now define inductively a trace, tr, on H = Un21 H.(q, Q) as follows:

Suppose tr is defined on H, (¢, Q) and let © € H,11(g, Q) be arbitrary; then
there exist a,b,c,d € Hy (¢, Q) such that z = c,(a @b H c® d).

Define tr(z) :=tr(a) + str(b) + ztr(cd).

This trace satisfies the rules 2), 3) and 4) of the statement of Theorem 5. Tt
remains then to prove that property 1) is also satisfied for all a,z € H, and we
do this case by case.

Finally note that, having proved existence, the uniqueness of the trace will follow
immediately since, given w € H,(q, @), it is clear that tr(w) can be computed
inductively from the above using rules 1), 2), 3), 4) and linearity. O

Remark 3. If a word a € H,,(¢,Q) does not contain any t;’s, then for calcu-
lating tr(a) we only need to use rules 1), 2) and 3) of Theorem 5; so tr(a) is the
same as Ocneanu’s trace applied on a.

Below we give an example of calculating the trace of a word in Hy(q, @),
in which we also demonstrate how to bring the word to the canonical form.
To facilitate the reader, we underline the words on which we apply the algebra
relations or the trace rules, and we indicate which rule we apply each time.
Also, we make use of the relations:

-1 1 1-g¢q

9i = ggi + v 1, git1tigiv1ts = tigiv1tigit,

which follow easily from the defining relations of H, (g, Q).

Example tr(gatigatigag1gs™'t2) =

_ 3)
%”(92&92&9291973@) + % tr(gat192t19291t2) =

= (gt gag1t) = S r(hgsti g2 gits) =

z4+1—q
q

z4+1—gq
q

tr(t192t1922f291) = tr(tngtlﬂgtng_lgl) =

%(QQ —q+1)tr(tigatigatige " g1) + Z+;7qQ(q =) tr(tigatitige~'g1) =
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2
O D) (4 gogo trgatign) + (2 + 1= q) (g — 1) tr(tigat 200 1) =

_— 27
(z1-9)(g —g+1) q)éq a+l) tr(ti2gotig1)+
(z+1—q)(q—1)Qtr(t1gatrge ' 91)+(2+1—q)(q—1)(Q—1) tr(t1gaga ‘1) =
(ZH_q)éqz_q“)Qtr(t1g£t1g1) + (z+1—q)l(1q2—q+1) (Q — 1) tr(gatrgn)+

(2 +1—q)(q— DQtr(titag1) + (2 +1 - g)(g — 1)(Q — D tr(trgr) "=’

wz tr(t1t1g1) + (z+1*Q)(q2;Q+1)(Q*1) P t'f’(t1gl)+

(z+1-q)(g—1)Qstr(tig1) + (2 +1-¢q)(g—1)(Q — 1) tr(tig1) =

2
(2+1—(Z)(Qq —q+1)Qz tr(h%gl)_‘_

[ IOD: (2 41— g)(g - )Qs + (2 +1 - g)lg — D(Q -
D] tr(tagn) =

(Z+1fq)(qq2iq+1)QzQtr(tlgl) + (Z+17q)(q;7q+1)Qz (Q—1)tr(gy)+

[<z+1—q>(q2;q+1)<Q—1>z +(z+1-q)(@—1)Qs+ (2 +1—¢q)(qg—1)(Q -
1)] tr(t1g1) 2

(z4+1-9)(¢° —q+1)Qz(Q-1) (z+1-9) (¢ —q+1)Q%z | (2+1—q)(¢°—q+1)(Q—1)z
q z + |: q + q +

(2 +1-q)q—1)@s+ (= +1—q)g— 1)(Q—1)] tr(trgr) =

(z+1-q)(¢* —q+1)Q(Q—1)z> (z+1-9)(®—q+1)Q%z | (24+1-q)(¢®—g+1)(Q—1D)z
q +[ q + q +

3

=

(4 1= g = DQs + (= +1 - q)la~ D@~ 1] tr(gate'g1)

(z4+1-9)(¢° —q+1)Q(Q—1)z> [(2+1—q)(q2—q+1)Q22 (z+1—-q)(¢°—q+1)(Q—1)z
q + q + q +

(z4+1-q)g—1Qs+(z+1-q)g—1)(@Q - 1)] ztr(t) 2

(z4+1-9)(¢* —q+1)Q(Q—1)z> + [(Z+1—q)(q2—q+1)Q22 n (Z+1—q)(q2—q+1)(Q—l)z+
q q q

(z41-q)a=1Qs+ (= +1-a)g—1)@Q 1)) zs.
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5 A trace-invariant for solid torus links

5.1 Construction of the invariant

The epimorphism 7 : (Jo—; CB1,, — Uy~ Hn(g, Q) defined by sending T +—
t, 0; — g; (and therefore T} +— t;, since T; = 0;...01To1"'...0; "t and t; =
gi---gitg1~t...g:71), together with the trace, result that to every mixed braid

in B; , we can assign an expression in the variables ¢,@,z,s .

We observe now that the moves (7), (4¢) in Theorem 3 resemble the rules 1) and
3) of Theorem 5. So, we reason that, in order to obtain a HOMFLY-PT type
link invariant we want to normalize the g¢;’s so that both Markov moves affect
the trace in the same way. I.e. we want to normalize g; to 6g; , 6 € C , so as
to obtain

tr(a(8gn)) = tr(a((0gn)™")) for a € Hn(q, Q).

(The normalization as well as the phrasing is the same as in [19], but for com-
pleteness we repeat it here adapted to our case). Then, for z # 0 we have:

1 1-—
62 tr(agn) = tr(agnfl) = —tr(agn) + q tr(a) <~
q
1-— 1-—
0*ztr(a) = Frlma tr(a) <= 6% = Erlza_
q qz

Thus

tr(ﬁgi) = L‘T’((ﬁgi)il) =VAz=-V 11:)?(] :

It follows now that, if we represent By, by mx, where my(0;) = Vg €
H,(q,Q) and 7x(T) =t € Hp(q,Q) , (which also implies that 7 (T;) = ¢; €
H..(q,Q)), then the function of ¢, \,@,s given by

[_1*7@
VAL —q)
depends only on the mixed link & (the closure of «). The epimorphism 7,

though, has the advantage of only involving the variables ¢, @); so we incorporate
VX in the ‘universal’ coefficient and we define:

n—1
} tr(ma(a)), for o € By, ,

Definition 1. The 4-variable invariant X7 ,(q,@Q,\,s) of the oriented mixed

link 7 U L that represents an oriented link inside the solid torus M, is the
function:

1—XAg 71
VA1 -g)

where o € By, is a word in the ;s and (¢;)’s such that & = TU L, e is the
exponent sum of the o;’s that appear in «, and 7 the representation of By ,, in
H..(q,Q) such that t — t,0; — g;.

Xo = X7,,(6,Q, )\, 8) = |- (VA tr(m(a))
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Note 2. By their definition, the mixed braids T and T;’s do not affect the
exponent sum e, so we can ignore them when we estimate e.

Examples 1. o As it follows from Remark 3, if a does not contain any (T;),
then X, is the HOMFLY-PT polynomial of the link in S3 obtained by removing
from « the solid torus string I. So, if for instance, « =1 € By , then X, =1;
and if « =1 € By, (corresponding to the n-component unlink), then

1-Ag 1!
o= mazal

o If a=T¢€ By, then X, = s; and if « = t; € By, (corresponding to
the n-component unlink, the (i + 1)st string of which wraps once around I in a
positive sense), then
1-—A n—1
0=
VAL~ q)
whilst, if o = (tl-)71 € By, (corresponding to the n-component unlink, the
(i 4 1)st string of which wraps once around I in a negative sense), then

fom [ ] e+ 159,

“Va-q) TTTa

o Similarly, if o= (t;)° € Bi . (the n-component unlink, the (i + 1)st compo-
nent of which wraps twice around I in a positive sense), then

I R e’ B Lo VP I
XO& - |: \/X(lfq)] [(Q 1) +Q] .

e Finally, if o= 013(t)2 € B2 (a right-handed trefoil that wraps twice around
I in a positive sense), then

1—)\q
VAL~ q)

tr(g1°t?) = (¢ — q + 1) tr(g1t?) + q(q — 1) tr(t?) =

Xo=— (\f)\)3 tr(g13t?) , where

(@ —q+1)(Q—-1)tr(g1t) + (¢ —q+1)Qtr(g1) +qlg—1)(Q — 1) tr(t) +
q(q—1)Qtr(1) =

(@ =g+ 1)(Q-1) {5 s+ (@ —g+1) Q5 +a(g—1)(Q—1)s+4¢(¢—1)Q .

5.2 A note on skein relations
Let Ly,L_,Ly be oriented links that have identical diagrams, except in one
crossing, where they are as depicted below:

Then, one can find a recursive linear formula in Ly, L_, Ly — known as skein
rule — for defining the HOMFLY-PT polynomial.[12]’[24]7[21}
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Figure 9:

Figure 10:

In [19] is explained a way of finding the skein rule of the 2-variable polynomial
that derives from Ocneanu’s trace function. Here we modify this way, in order
to find the skein relations of the trace-invariant we defined above:

We consider a mixed link, which may be assumed to be the closure of a mixed
braid, and we pick a crossing in it, which is not a mixed one. Using conjugation,
this crossing appears in t/}.lf end of the word, and — again by conjugation — we
may assume that Ly = ao;2,L_ = & and Ly = ao;, for some a € By ,,. By the
defining relations of H, (g, @) we have

tr(n(ao;?)) — qtr(r(a)) = (g — 1) tr(n(aoy)).

Let e be the exponent sum of a with respect to the o;’s, and multiply the
N
Va

above equation by T , where

7[7 1—Ag 7!
S Lvaa-g)

Then
1

———] e+2’l"7|'0[0"2 — eT?TOé
ﬁﬁT(\fA) tr(n(ao:®)) = VGVAT (VA) tr(n(a))

1 e+1
f(\f*%)T(ﬁ) tr(m(aoi)) ;

so from the definition of X we obtain the skein relation:
1 1

- X il

VAV Va

(The above relation together with the initial condition in S, X (unknot) = 1,
define uniquely the HOMFLY-PT polynomial.) In the same manner, but with
less difficulty, we obtain a second skein rule for the mixed braiding, that derives
from the relation

- 1 th+ ﬂ .

’ Q"' Q
as follows: Let M., M_, My be oriented mixed links that have diagrams iden-
tical, except in the regions depicted below:

o VAVAXL = (Vi— —=) Xi, e

1
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We consider a mixed link, which — as already mentioned — may be assumed to
be the closure of a mixed braid, and we pick in it a positive mixed twist (as
illustrated above). Note that, using conjugation in By ,, we can always create

such a twist. Thus, by conjugation we may assume that M, = cm,M_ =

aT;~ and M, = @, for some « € B . So we obtain:
1-Q

tr(m(aT; 1)) = %tr(w(a T;)) + 0 tr(r(a)) ;

and, if we multiply the above equation by T (\F)\)e VQ we have

e 1 e 1-Q e
QT (VX tr(r(aT;™) = —=T (V) tr(r(aTy)+—=>T (V) tr(r(a)).
Ve Va Va
Hence, since the T;’s do not change the exponent sum of «, neither the number
of its strings, we obtain the following skein rule:

1 1
X VX = (V@ ) X, s

One can check that the two skein rules together with the initial conditions
X1=1,1€Bl71 and XT:S,TEBl,l [ X 1]

suffice to calculate X inductively for any mixed link; but one would also have
to prove that X defined this way is well-defined.

J. Hoste and M. Kidwell defined in [15] a ‘new chromatic skein invariant
for a special class of dichromatic links, which may be viewed as an invariant of
oriented monochromatic links inside a solid torus; and this as such is the exact
analogue of the HOMFLY-PT polynomial’. In their set-up, the solid torus string
I is perpendicular to the plane on which the rest of the link projects, and it
is allowed to move by isotopy. The theorem they proved in the preliminary
version of [15] (Theorem 2.1) is the following, (where, for convenience, we use
our notation for expressing the different links):

Theorem 2.1 There exists a unique invariant W' € Z[Uﬂ, zjil, a, o AEFL h+] , ] F#
i, of Type I; links satisfying the following properties:

1. Crossing Rule: v~! Wi, —ovWr_ =z; Xz,
2. Clasp Rule: x~1 Wy, + Wy = aWyy,
3. Connected Sum Rule: Wikeonn.sum,7 = (01 —v) zj’l AW W

4. Initial Data: Wi =X, 1€ By and Wg =hy, T € By,
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Figure 11:

where the i-coloured unknot corresponds to 1, , and the j-coloured components
correspond to the rest of the mized link.

We can observe now that the Crossing Rule is the same as the skein rule e
above, if we set v = \/aﬁ and z; = ,/q — ﬁ; whilst the Clasp Rule resembles

the skein rule ee above, if we set z = \/Q and a = \/Q — %, but apparently
the two rules still differ by a sign. As J. Przytycki pointed out, we can show
that the two rules are essentially the same if we substitute x = iy and o = —ic/.
Also, the Initial Data is the same as in rule e @ @ | if we set A =1 and hy = s.

Notice that, in our set-up there does not appear any connected-sum rule for the
component I of two mixed links. The explanation lies in the fact that in our
set-up, the component I of a mixed link as well as the string I of a mixed braid
remain always pointwise fixed.

Aside If IAULl, fULz are two mixed links, and IUB;, IUB> are two correspond-
ing mixed braids then, U (L;jconn.sumLs) corresponds to I U (Byconn.sumBs)
, as pictured below (compare with [19]):
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